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Broadband Fan Noise
Generated by Small Scale Turbulence

Summary

This report describes the development of prediction methods for broadband fan noise from
aircraft engines. First, experimental evidence of the most important source mechanisms is
reviewed. It is found that there are a number of competing source mechanism involved and
that there is no single dominant source to which noise control procedures can be applied.
Theoretical models are then developed for (i) ducted rotors and stator vanes interacting with
duct wall boundary layers, (ii) ducted rotor self noise (iii) stator vanes operating in the
wakes of rotors. All the turbulence parameters required for these models are based on
measured quantities. Finally the theoretical models are used to predict measured fan noise

levels with some success.
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Broadband Fan Noise
Generated by Small Scale Turbulence

1. Introduction

Fan noise can be considered as the combination of tone noise which occurs at the
blade passing frequency and it's harmonics, and broadband noise which has a continuous
spectrum contributing to all frequencies. In the past the tone noise has been considered the
dominant contributor to the subjectively important part of the aircraft noise spectrum (see
figure 1.1). However in new engine designs, which have larger diameters and fewer
blades, the fan tones are moved to lower frequencies which are less important subjectively.
Consequently the contribution of the broadband noise has been shown to be equally
important as the tone noise to the subjective measures of aircraft noise for large diameter
engines (Gliebe(1996)).

In general broadband aerodynamic noise is caused by turbulence and it's interaction
with rigid surfaces such as fan blades or stator vanes. The primary turbulent flows in an
aircraft engine are shown in figure 1.2. In some of the earliest work on broadband fan
noise the most important source mechanism was assumed to be the interaction of the rotor
blades or stator vanes with inflow turbulence (see for example Mani (1971), Mugridge and
Morfey (1972), Hanson (1973), Sevik (1974), Homicz and George (1974), Amiet
(1975)). For a rotor which has no upstream stator vanes the only source of turbulence, for
ideal clean inflow conditions, is the boundary layer turbulence at the duct wall (Mugridge
and Morfey (1972), Moiseev et al (1978), Glegg (1993)). For stator vanes, which are
located downstream of a rotor, the flow is more complicated and includes turbulence in the
rotor blade wakes and the secondary flows in the hub and outer wall regions (see figure
1.2).

Prediction methodology given in the papers cited above was based on a description
of the turbulence and a blade response function which coupled the turbulent flow
fluctuations with the radiated sound. Various levels of sophistication were used in these
studies but in general the results were limited to flows with small Mach numbers.
However, very little was known about the turbulence in the engine, and so estimates
always had to be made of the turbulence parameters needed for the prediction models. More
recently an extensive study of the turbulent flows associated with broadband fan noise has
been carried out by Ganz et al (1995). This has provide new insights into inflow noise
mechanisms as will be described below. Furthermore recent wind tunnel studies by
Devenport (1997) have shown that the flows downstream of a typical set of loaded fan
blades include both small scale turbulence and random motion of coherent structures



associated with the secondary flow. The small scale self preserving components of the
turbulence will be the focus of the fan prediction methodology presented here, while the
random motion of the coherent structures, which may be described by a probabilistic flow
model (Glegg and Devenport (1991), Davenport et al (1996), Dhanak et al (1997)), and
may also be a source of broadband fan noise (Hanson (1973)), will not be considered in
detail.

In addition to the noise associated with unsteady inflows, the fan blades and stator
vanes will also generate their own turbulent boundary layer and tip leakage flows, which
generate broadband noise. These source mechanisms are defined as selfnoise sources, and
may be further categorized as trailing edge noise, caused by the blade boundary layer
interacting with the sharp trailing edge of the blade, and tip flow noise caused by the
leakage flow between the blade tips and the fan casing.

Trailing edge noise has been studied extensively for isolated blades (Ffowcs-
Williams and Hall (1970), Chase (1972), Amiet (1976),(1978), Howe (1978), Brooks and
Hodgson (1981), Kim and George (1982), Brooks et al (1989)), and has recently been
extended to multi-bladed rotors (Glegg (1996),(1997)). For this source mechanism sound
radiation is caused by the rapid adjustments of the turbulent boundary later fluctuations as
the turbulence is convected past the blade trailing edge. Analytical solutions exist for the
blade response and acoustic radiation but there is no suitable theoretical model for the
turbulence. However an extensive experimental study by Brooks et al (1989) provides an
empirical data base from which the trailing edge noise radiation from isolated blades can be
calculated as a function of blade Reynolds number, angle of attack (up to and beyond stall),
Mach number etc., and this has been extended to ducted fans (Glegg(1997)). At the present
time the state of the art of turbulent flow modeling using numerical approaches cannot
provide the detail and range of conditions covered by the Brooks et al(1989) data, and so
their semi empirical approach appears to be the most effective procedure for obtaining
estimates of blade self noise currently available. However, as numerical procedures
improve it may be possible to obtain a completely theoretical trailing edge noise prediction
method.

Tip leakage flow increases with the size of the gap between the rotor blade tip and
the duct wall casing, and there is extensive experimental evidence (Longhouse (1978),
Fukano et al (1986), Mugridge and Morfey (1972), Kameier (1997)) that fan broadband
noise also increases with tip gap. The tip leakage flow and the associated secondary flow is
not well understood and will also depend on the rotor loading. There are currently no
theoretical or semi empirical prediction models for this broadband fan noise mechanism
which is surprising considering it's relative importance. However as will be shown below,



the wake turbulence close to the duct wall is also increased when the tip gap is increased so
the inflow turbulence to the stator vanes is affected by the tip gap and this may cause
increased noise levels, depending on the particular rotor/stator configuration. Consequently
itis not always clear that increased tip flow noise is caused by “self noise", which would
occur in the absence of any downstream stators, or by "inflow noise" generated by the
turbulent tip flow striking downstream stator vanes. This is a typical example of why the
fan broadband noise problem is so complex because it shows that it is not always possible
to isolate source mechanisms when varying experimental parameters. The recent
experimental study by Ganz et al (1995) has shed some light on this issue by testing a fan
in a duct both with and without stators and this will be discussed in detail in section 2.

Aircraft engines often operate under conditions where the fan tip speed approaches
or exceeds sonic conditions. When the fan tip speed is in the transonic range shock cells are
formed on the blade surfaces. These represent a highly unstable flow condition and a small
change to the inflow can cause a large change in the location of the shock cell. For open
rotors it is known that during a blade vortex interaction at transonic speeds (see for example
Schmitz (1994)), shock cells move rapidly upstream on the upper surface of the blade and
new cells are formed and dissipated on the lower blade surface during the passage of the
vortex. This is a strongly non-linear flow regime where, in general, the mean flow cannot
be considered separately from the unsteady inflow. However for small disturbances a quasi
linear approach can be used to evaluate the importance of this mechanism (Glegg (1994)).
This will be described in more detail in section 6.

For supersonic tip speeds detached shock waves occur upstream of the blade
leading edges, and the radiated sound is dominated by "buzz saw" noise. The spectrum
typically consists of tones at the shaft rotation frequency and it's harmonics, and an
increase in the associated broadband noise is also observed (see for example Groeneweg et
al (1994)). However the importance of the broadband component of buzz saw noise is not
clear because the tones are so dominant. Furthermore the flow conditions are completely
different from those in the subsonic regime, and so supersonic tip speed fans must be
treated completely separately from subsonic or even transonic tip speed fans.

This report will describe procedures and methodology for predicting broadband fan
noise for aircraft engines. It will start by considering experimental evidence from a recent
test by Ganz et al (1995). The results of this experiment will be reviewed with the aim of
identifying the important mechanisms of broadband noise at subsonic fan tip speeds. The
next section will describe the theoretical background to fan noise prediction methodology.
Starting with the original theory of aerodynamic sound by Lighthill (1952) this section
reviews more recent advances which are particularly relevant to fan noise prediction



methods. Sections 4,5, and 6 then describe prediction methodology for inflow noise, self
noise and shock associated noise, and include a description of the parametric dependency
of these sources. Finally in section 7 the experimental results from the recent experimental
test by Ganz et al (1995) are compared with the prediction methods developed in the
previous sections, using experimentally measured values of the turbulence and flow
conditions as the input to the acoustic prediction codes.



2. Experimental Evidence

2.1 Introduction

This section will describe an experimental investigation into the sources of
broadband fan noise which was carried out by Ganz et al (1995) in the Boeing 2.74 m x
3.66 m (9'x12") anechoic wind tunnel facility using a 0.457 m (18") model scale fan. The
novel features of this test were:

(1) Upstream duct wall boundary layer bleed could be used to reduce inflow
turbulence levels to the fan.

(i) The desigﬁ of the rig enabled the model to be run with or without stators, giving
rotor alone noise levels.

(iii) Rings of duct wall microphones provided the ability to obtain modal
decomposition of the sound field.

(iv) Far field microphone array data was used to identify external radiated acoustic
power, and by use of a shield, the upstream and downstream power could be
determined separately.

(v) In duct hot wire measurements were made of turbulent flows incident on the fan
and the stator vanes.

(vi) The design of the duct allowed the blade tip gap to be varied.

The measurements obtained with the stator vanes removed from the duct downstream
of the fan provided data which could be used for the unambiguous identification of rotor
alone noise sources. Furthermore by removing the duct wall boundary layer upstream of
the fan, the rotor self noise was determined as a function of fan speed, tip clearance and
blade loading. Introducing a duct wall boundary layer then demonstrated the increased
levels caused by the interaction of the duct wall boundary layer with the rotor blades.

The experiment also investigated rotor stator interaction noise, by placing sets of
stator vanes downstream of the rotor. Three different stators were used, with 15, 30 and 60
vanes. The 15 vane and 30 vane set had the same solidity, and for the 60 vane set the
solidity was doubled. These tests provided information on the relative importance of rotor
and stator broadband noise, and how it varied with speed, loading, tip gap size and the
upstream duct wall boundary layer thickness. In addition, the test was complemented by
extensive hot wire turbulence measurements in the fan duct and in the upstream outer wall
boundary layer, and this provided further diagnostic evidence to support the conclusions

from the acoustic measurements.



In the following two sections the results of this test are presented and interpreted
from the viewpoint of identifying the most important sources of broadband noise. It
represents only a fraction of the complete data set and more details can be found in the
report by Ganz et al (1995). The acoustic measurements are given in terms of either the
upstream or downstream sound power as broadband power spectra with the tonal
components removed. The spectra are therefore smooth and the relative level of the
broadband noise and the tone noise is not presented.

2.2 Rotor Alone Noise

The quietest possible configuration for an aircraft engine fan is obtained when there
are no stators downstream of the rotor, there is a completely clean inflow and the tip gap is
a minimum. The test results for this configuration are shown in figure 2.1. This is
presented first because it represents the base line case to which all other sources must be
added. Note that the spectra are smooth, monotonically decaying and that the downstream
sound power is ~9 dB greater then the upstream sound power which was found to be
typical of the entire data set. This result represents the self noise of the fan at low loading,
and by either increasing the loading (figure 2.2) or the tip clearance (figure 2.3) the noise
level is increased. Also note how the loading causes up to a 6dB increase for the small tip
gap and a 2dB increase for the large tip gap, or alternatively the increased tip gap causes up
to a 4 dB increase at low loading but has almost no effect at high loading. This indicates
that these two source mechanisms can not be clearly separated for this case and both play a
role in determining the overall sound power output.

When the duct wall boundary layer is introduced, the spectra take on a new feature
(figure 2.4), which includes a series of broad peaks at the frequencies 9kHz,12
kHz,15kHz, 21kHz for the small tip gap and low loading cases. However for the large tip
gap and high loading there is an additional set of low frequency peaks at 4.2 kHz, 6.8kHz,
and 9.5 kHz, which are indicative of a rotating stall at this condition. At this fan speed the
blade passing frequency is 3kHz and so the undulations in the spectra at low loading are
indicative of "haystacking" of the tonal content which can be caused by long lengthscale
coherent structures being ingested into the rotor(see for example Blake (1986)). Note that
these structures must be related to the duct wall boundary layer flow, because they do not
occur when there is 100% boundary layer bleed applied, and they are less significant when
either the loading or the tip gap is increased.



The primary conclusion from these results is that there is no single dominant source
mechanism responsible for rotor alone noise and all sources must be taken into

consideration.

2.3 Rotor/Stator Interaction Noise

When a set of stator vanes are added downstream of the rotor, the radiated
broadband sound power is increased as shown in figure 2.5. This result shows the radiated
sound power in the upstream direction. It is clear that the stator contribution dominates in
spite of having to propagate through the rotor. In general the sound power is seen to
increase in proportion to the number of stators, although when the stator solidity is large
(as is the case with 60 stators in figure 2.5) the increase is not as much as expected.
Although this result shows that the stators are the most important source of broadband
noise it should be noted that they are not overwhelmingly dominant, and a 6 dB reduction
in the contribution from the stators would not give a similar reduction in the overall
broadband sound power because of the contribution from the rotor.

To further understand the mechanism of rotor stator interaction noise it is necessary
to consider the turbulent inflow to the stator vanes. Figure 2.6 shows the measured
turbulence intensity in the fan duct downstream of the rotor as a function of radial and
azimuthal location. The data was obtained with a single cross wire probe and the phase
locked signal was extrcated to get the random component. The measurements show high
turbulence intensity close to the duct walls and contributions from the turbulent wakes
which are represented by the diagonal lines of high intensity. Between the wakes the
turbulence levels are negligibly small, and the peak turbulence intensity in the wakes 1s only
~5%. In contrast the turbulence intensity in the duct wall region is in excess of 6% at all
locations and sometimes as large as 8%. It would appear therefore that the contribution
from the flow in the wall region could be a major contributor to the turbulent flow incident
on the stator. The flow in the outer wall region is dominated by secondary flow and the
interaction of blade passage vortices with the turbulent tip flow through the rotor. The tip
flow will be more complex and of larger extent when the tip gap is larger and so one would
expect the broadband noise from the stators to increase if the tip gap is increased. To verify
this hypothesis we first consider the turbulence in the rotor wake: figure 2.7 shows the
circumferentially averaged turbulence intensity as a function of radial position for both the
streamwise and the transverse turbulence components. These results clearly show that the
turbulence close to the outer duct wall increases in intensity as the tip gap is increased and
also extends further into the fan duct. The effect this has on the radiated sound is shown in
figure 2.8 which gives the broadband sound power for small and large tip gaps for a stator



with 60 vanes (for which stator noise dominates). The larger tip gap introduces a 3 dB
noise increase, but the results are not conclusive because, as noted in the previous section,
a larger tip gap will also generate more rotor noise. To eliminate this uncertainty, the rotor
alone noise, under the same inflow conditions and loading, can be subtracted from the
stator noise to give the stator alone contribution as shown in figure 2.9. These results show
that the stator noise increases with rotor tip gap, independently of the increase in rotor
noise. The increases are larger for high loading cases and interestingly for sound power
radiated upstream through the rotor. It appears therefore that there are conditions where
changes to the outer wall flow can increase the stator noise independently of any changes to
the rotor noise.

Finally we will consider the effect of loading on the stator noise. Figure 2.10
shows the average turbulence intensity as a function of radial position for different fan
loadings. This shows a general tendency for the turbulence levels, both in the wake regions
and the tip flow regions, to increase with loading. In the duct wall regions, the high loading
cases give twice the turbulence intensity of the low loading cases, but in the wake flow
region the increase is closer to a 30% in the outer region. In the hub region the trend is
reversed. Assuming the sound power output is directly proportional to the mean square
turbulence level, one would expect the stator alone noise to increase as the loading is
increased, but if wake flows dominate this increase may be small. Figure 2.11 shows the
stator alone noise as a function of loading with all other parameters held constant, and it is
clear that only small increases of this magnitude are observed. These results suggests that
increases in radiated sound power as a function of loading are caused, to some extent, by
increased turbulence in the fan duct, but in general this is not a large effect at this fan speed.

2.4 Conclusion

The experimental results presented above give a break down of the different source
mechanisms of broadband fans noise. It is seen that there is no clearly dominant source to
which noise reduction approaches can be applied, but rather a number of competing
mechanisms exist which are more or less important depending on the particular fan design
and flow conditions. Clearly rotors must be designed to minimize turbulent flow incident
on the stators and the outer wall flows can be a contributor in this regard. The wake
turbulence is of lower level but of greater extent and so can also be the dominant source of
high frequency turbulent flow. The rotor noise is not very far below the stator noise and an
interesting feature identified here is the contribution of the coherent structures in the wall



boundary layer which lead to broad peaks in the spectrum around the blade passage
frequencies.



3. Theoretical Background - Fundamentals

Theoretical modeling of aerodynamic noise generation is based on the solutions to
the equations which describe the motion of a compressible fluid. The first full formulation
of this problem was due to Lighthill (1952) who re-arranged the Navier Stokes equations
into a wave equation, including all the non-linear and viscous terms. For problems which
involved moving bodies, Ffowcs-Williams and Hawkings (1969) introduced an approach
based on generalized derivatives which has developed into a powerful tool for all types of
aeroacoustic problems (Farassatt (1994)). The Ffowcs-Williams Hawkings equation
considers a fluid which contains an arbitrary moving surface (or multiple moving surfaces)
defined by the scalar function f(y)=0. The region of interest is defined where >0 and the

normal to the surface is n=Vf/Vf] pointing into the fluid. For impermeable surfaces

moving with a local velocity V, the wave equation is formulated using the perturbation of
the density as the acoustic variable and is defined as;

3.1)

*HP) 22 P (HT) 3 F F
— L - LV (Hp' ) = —————| p;; —| pV; =6
52 = ) v, o\ Uy, (f” 7\ P fay, S

where H represents the heavyside function H(f) and p;; is the pressure stress tensor, p_ and

c.. are the steady state density and speed of sound at the observer, and T, is Lighthills stress
tensor. In this equation the lefthand side represents a wave equation for waves propagating
in a stationary fluid while the right hand side represents the source terms. The first term on
the right is of quadrupole order and describes sound radiation from sources in the fluid.
The second term is of dipole order and describes sound radiation from the pressure stress
tensor on the blade surface. The last term is referred to as the thickness source term which
is only non zero for moving surfaces and represents sound radiation from volume
displacement effects which occur when the displaced volume is in accelerated motion
relative to the observer.

The interest of this study is to consider the sound radiation when blades move
through a turbulent flow. In this case the source terms on the righthand side of this
equation are hard to determine. Long and Watts(1987) proposed an integral equation
formulation to obtain the surface pressure, in the absence of the quadrupole term and
neglecting viscous effects. In other formulations (Amiet(1975), Mani(1995)) the
quadrupole terms are treated separately from the dipole terms, and the surface pressure is

obtained from the blade response function for an incoming upwash gust. There is however
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a fundamental problem with using Lighthills formulation for sound radiation from turbulent
flows because the volume source term T, also depends on the acoustic field.
The definition of T} is
(3.2)

_ )2
Tjj = pvivj + pij = p'cdyj

where v, represents the velocity of the fluid and includes the mean flow, the turbulent flow
in the absence of the blade, and the acoustic perturbation velocity which is required to
satisfy the boundary conditions on the blade surface. Both Howe (1975) and Goldstein
(1978) have introduced alternative formulations to the acoustic analogy which separate the
"acoustic perturbation” terms from the "source term". Goldstein's equation has received
more attention than Howe's equation for fan noise applications and so we will limit this
review to his approach, since the physical mechanisms involved are essentially the same.
Goldstein's formulation describes the generation of sound due to the distortion of
an upstream disturbance by a two dimensional potential flow around a stationary
streamlined body. It is obtained from the /linearised Euler equations, and so neglects the
effect of viscosity and nonlinear interactions of the turbulent flow. The flow is specified in

terms of it's steady velocity, pressure, density and entropy (U,p,,p,.S,) and it's unsteady
parts (u,p’,p’.s") which are a function of time #. The unsteady velocity is then further split
as u=V¢+ u”, where the velocity potential represents the acoustic field and is related to the

pressure fluctuations in the flow using p’=-p,D,¢/Dt (where D /D1=0/dt+U.V is the total

time derivative based on the mean flow U). The residual velocity u” is a known function of

the upstream flow and satisfies the differential equation
(3.3)
Dou([ )
Dt

+wPvyu=0

Goldstein(1978) then formulates a wave type equation with non-constant coefficients
which describes the generation and propagation of the acoustic velocity potential. The result

is given as
(3.4)

D,| 1 D,¢ 1 1 %))
Dol LDl 1 g1, vg)=Lv(p,u
DT[C(% DT) - V(po V)= (pou?)
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where ¢, and p, are local speed of sound and density. The source term is specified in terms

of a vortical gust velocity and an entropy disturbance which are imposed at the upstream
boundary. The upstream disturbance is defined by the incompressible velocity perturbation
A(x-U_1i) and an entropy disturbance s_(x-U_ni) where i is a unit vector in the direction of
the upstream flow. The residual velocity is defined at any downstream location by

3.5)

D = Ax - ith)% +Q2c,) s (X~ iU,,t)[U,- ~U. %}
I 1

The vector X-iU _t=(X,-U_t,X,,X;) is defined so that D (X-iU_t)/Dt=0 and can be

characterized by the gradients of each component which for 2D potential flow are

(3.6)
VXI =U;.°S VX2 =—U—n VX3 =7
U U

oo

where s is a unit vector in the direction of the flow n is a unit vector normal to the flow and
Z is a unit vector which lies out of the plane of the flow. Difficulties occur for blades with
forward stagnation points because the gradient of the co-ordinate in the direction of the
flow JX,/dx; is singular when U=0, and so both the terms in (3.5) become very large.
However if the functions X,,X,,X; are defined downstream of the stagnation point,
equation (3.6) can be used to give a co-ordinate transformation valid in all parts of the
flow, except along the stagnation streamline upstream of the stagnation point. We will use
this transformation to provide further insight into the source terms of (3.4). However, first

we note that

3.7)

1Du__Vp __Vp VS

¢z Dt pc? P Cp

so for the mean components of an isentropic flow we have Vp /p,=(U.VU)/c,? and we

can write

12



(3.8)

1D D39 24 yu Do _u(UYV)
¢t p7? DT Co Dz 5

We next transform this equation into X,,X,,X; co-ordinates using the scale factors
h,=UlU,_, h,=U_JU and h,=1 so that for a vortical incoming gust
(3.9)

1 D2¢

1 D3¢ _ L(_l__azJ_ zi[fh Dy ]osv u.(U.YU)
¢ DTt A73Ki\h} Ki) 3,9 \#}) DT\cs) Dt ¢5

and re-arranging this result and making use of the divergence free property of A, gives
(3.10)

1D 3% _ 1 99 __Q Dy¢ u(UVU)
2 —__Z,QX{( ) o bl

The interesting feature of this result is that the lefthand side is now defined in terms of a
wave equation with constant coefficients because D fIDt=df/dt+U_df1dX, and the righthand
side only includes terms which tend to zero when the flow returns to it's background value
U, It is relatively straightforward to show from equations (3.5) and (3.6) that the

impermeability of the blades requires the boundary condition J¢/dX,+A4,=0 on the

surface(s), and by using generalized derivatives (Farassatt (1994)), we can write this
equation with surface source terms on the righthand side similar to those in equation (3.1)

as
(3.11)
1 D2(HY) _32(HY) _
2 p |
1 a¢ D, ( 1 \D,(H¢) Hu.(U.VU)
ZloEogr a3 5 e

+48(N) VS —axi(w(f) IVf 1)
2

The interpretation of each of the terms on the right of this equation is as follows:
The first term represents the contribution from the volume sources and is weighted by the
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factor (1-h;%) where A,=U/U,_ and h,=U_U. The i=I term therefore has a very large
weighting function close to forward stagnation points where the steady flow tends to zero.
This feature was discussed at length by Atassi and Grzedzinski (1989) who argued that, by

allowing ¢ to be the sum of a component related to the pressure and a purely convected
component which did not contribute to the acoustic filed, then the unsteady velocity on and

parallel to the surface d¢/dX;+A, tended to zero. Consequently the singularity at the

stagnation point caused by (1-k,7) is canceled by the zero of J¢/dX,+A,, and a finite

contribution obtained from the source term in that region. The surface contributions of the
first term are therefore finite, but small distances from the surface the cancellation of

d¢/dX; by A, will not be complete and the most significant contributions can be expected

from regions where U/U._, is either very small or very large, for example either close to the
leading edge or the stagnation point, but not the trailing edge. This suggests that a rounded
leading edge will reduce the contributions from this term at all frequencies. The second and
third terms represent the contributions due to refraction of sound by the flow, and are small
when flow Mach number is small. The fourth and fifth terms are the contributions from the
surface, and represent the contribution from the zero normal velocity boundary condition
(which is only non-zero when the surface is unsymetrical in X, co-ordinates, and so must
be a lifting surface), and the surface value of the velocity potential.

The limiting case of a flat plate at zero angle of attack is obtained when the flow
speed is uniform and so only the surface terms in (3.7) are non-zero. Furthermore the
incoming gust is undistorted by the flow, and so A, is identical on the upper and lower
surface, and the net contribution from this term is also zero. The remaining equation is then

defined as
(3.12)
L D2(Hy) _3*Hy) _ _ 3

= - ApS(X7)
ci D72 3Xl~2 8X2( po(X; )

This represents the flat plate approximation which was considered by Amiet (1975)
f